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                                                      TOPOLOGY – I  
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Duration : 3 Hours            Maximum Marks: 70 

 

Instructions:  1) All questions carry equal marks. 

2) Answer any five questions 

 

1. a) Define an infinite set.  Let 𝑋 be an infinite set and let 𝑥0 ∈ 𝑋, then prove that  

𝑋 − {𝑥0} is infinite. 

b) Prove that a set 𝑋 is finite if and only if either 𝑋 = ∅ or 𝑋 is in one-to-one 

correspondence with some ℕ𝑘 = {1,2, … 𝑘} set of all natural numbers from 1 to 

𝑘. 

(6 + 8) 

2. a) Prove that set of real numbers is uncountable. 

b) Prove that for any set 𝑋, 𝑃(𝑋)̿̿ ̿̿ ̿̿ ̿ = 2�̿�. 

c) With usual notations, prove that 2ℵ0 = 𝑐. 

(6 + 5 + 4) 

3. a) Define metric space.  Suppose (𝑋, 𝑑) is a metric space, let 𝑑1(𝑥, 𝑦) =
𝑑(𝑥,𝑦)

1+𝑑(𝑥,𝑦)
 

be defined on 𝑋 × 𝑋.  Prove that 𝑑1 is a metric on 𝑋. 

b) Prove that every closed subspace of a complete metric space is complete. 

(8 + 6) 

4. a) State and prove Cantor’s intersection theorem. 

b) Prove that every complete metric space is of the second category. 

(7 + 7) 

5. a) Define topological space.  Prove that every metric space is a topological space. 

b) Define  (i)  neighbourhood of a point   (ii) limit point of a set.  Let 𝐴 ⊆ (𝑋, 𝒯) 

then prove that 𝐴 ∪ 𝐷(𝐴) is closed, where 𝐷(𝐴) is derived set of 𝐴. 

(7 + 7) 

6. a) Define interior and boundary of a set.  Prove that (𝐴′)0 = (�̅�)′. 

b) Prove that �̅� = 𝐴 ∪ 𝑏(𝐴). 

(8 + 6) 
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7. a) Given a function 𝑓: 𝑋 → 𝑌, show that 𝑓 is continuous if and only if the inverses 

of every closed set is closed. 

b) Define homeomorphism.  Show that a bijective function 𝑓: 𝑋 → 𝑌 is a 

homeomorphism if and only if 𝑓(�̅�) = 𝑓(𝐴)̅̅ ̅̅ ̅̅  ,   ∀ 𝐴 ⊆ 𝑋. 

(7 + 7) 

8. a) Prove that the following are equivalent 

i. 𝑋 is connected. 

ii. 𝑋 and ∅ are the only sets which are both open and closed. 

iii. 𝑋 is not the union of two non-empty disjoint open sets. 

iv. 𝑋 is not the union of two non-empty disjoint closed sets. 

b) Let  𝐶  be a connected subset of (𝑋, 𝒯) where 𝑋 has a separation  𝑋 = 𝐴 ∪ 𝐵,   

then prove that 𝐶 ⊆ 𝐴  or  𝐶 ⊆ 𝐵.                                                             (6 + 8) 
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